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The weakly nonlinear progressive waves are studied, which propagate in a perfect
gas with the spatial distribution of the density and constant thermoviscosity. As a far-
field approximation, a generalized Burgers equation is first derived by making use of
the method of multiple scales. A typical boundary value problem is here taken up, in
which the source begins to execute the unceasing sinusoidal motion at the time $t=0$ and
so radiates a harmonic wave train. When the acoustic Reynolds number is extremely
high, the exact solution of the generalized Burgers equation is easily obtained with the
aid of the method of characteristics and the equal-areas rule: In marked contrast to
the wave behaviour in homogeneous media, no shock may emerge in some cases, and
in the other cases the leading wave in a half-cycle may evolve into a triangular wave
and the subsequent wave train into a sawtooth-like wave, or may not completely, or the
wave may even diverge. The amplitude saturation does not necessarily take place in the
sawtooth-like wave.
\S 1. Burgers
Burgers , , ,
[Ref.1]:
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, $\omega$ , $t^{*}$ $x^{*}$ , $t^{*}=\omega t,$ $x^{*}=k_{0}x$
( $k_{0}=\omega/c_{0},$ $c_{0}$ $t=0$ ) . $u^{*}$
, $\overline{c}(x)$ $c0$ . ,
\rho -(x), $\overline{T}(x)(\overline{\rho}(0)=\overline{T}(0)=1)$ , $\overline{c}^{2}(x)=1/\overline{\rho}(x)=\overline{T}(x)$
. , $M \equiv\frac{u}{c}\mathrm{A}$ ($u_{0}0$ ) Mach , $Re\equiv$
$(\gamma+1)c_{0^{u}\mathit{0}}/\delta\omega$ ( $\delta$ ) Reynolds . , (1) (2) ,
$\overline{c}(X)\equiv 1$ , Burgers .
(cf.) –
Burgers [Ref 2].
$u^{*}=u_{0}f(\omega t^{*}\mathrm{I},$ $x^{*}=x_{0}$ ;
$\tau=\omega(t^{*}-\frac{x^{*}-x_{0}}{c_{0}})$ , $U=( \frac{A}{A_{0}})^{L}2\frac{u^{*}}{u_{0}}$ ( $A(x^{*})$ ) ,
$\sigma=\frac{\gamma+1}{2}Mk_{0}\int_{x0}x^{*}(\frac{A_{0}}{A})^{\frac{1}{2}}dX^{*}$ , $G( \sigma)=(\frac{A}{A_{0}})^{\frac{1}{2}}(\sigma)$ ;
$\frac{\partial U}{\partial\sigma}-U\frac{\partial U}{\partial\tau}=\frac{G(\sigma)}{Re}\frac{\partial^{2}U}{\partial\tau^{2}}$ . (3)
\S 2.
,







. , . ,
, ( ) .
( ) $\mathrm{E}$ , $E=\overline{\rho}(x)u^{2}$
[Ref 3]. , $\mathrm{q}$ , $\mathrm{q}=\overline{c}(x)E\mathrm{n}(\mathrm{n}$ :
) . $(1/Re=0)$
, (1) # U.
$\int_{t}^{t+2\pi}\mathrm{q}d\mathcal{T}=\mathrm{n}\int_{t}^{t+2\pi_{\overline{C}(}}x)\overline{\rho}(X)u^{2}(X,t)dt=const$. (5)
. , , (= $($
sound intensity)) – . , ,
.
, – . $L$ ,
$E_{L}= \int_{x}^{x+L}\overline{\rho}(x)u^{2}(X, t)dX$ ( $t$ )
$=M^{2} \int_{z}^{z+2\pi}U^{2}(\sigma,t-Z)d_{Z}$
$\cong M^{2}\int_{\tau}^{\tau+}2\pi U^{2}(\sigma, \mathcal{T})d\mathcal{T}$
$=conSt$ . (6)
. , (5) , $E_{L}=\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{S}\mathrm{t}$ .
.
\S 3. $R_{e}arrow\infty$
, , (1) ,
$\frac{\partial U}{\partial\sigma}-U\frac{\partial U}{\partial\tau}=0$ (7)
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. , (7) .
(7) , –
,
$U(\mathrm{O}, \tau)=\sin \mathcal{T}$, $\tau\geq 0$ ; (8)
$U(\sigma, 0)=^{\mathrm{o}}$ , $\sigma\geq 0$ , (9)
, $\xi$
$U=\sin\xi$ , $\xi=\tau+\sigma\sin\xi$ (10)
. , $\sigma\geq 0$ , $\xi\geq 0$ . , $\sigma=1$
[Ref.4]. , $\sigma=\beta Mx(\beta=(\gamma+1)/2)$ ,
, xs=l/\beta M . , $\sigma$ (2) ,
$\frac{M(\gamma+1)}{2}\int_{0}^{\infty}\frac{dx}{[\overline{c}(x)]^{\frac{3}{2}}}\leq 1$ (11)
. ( 1 ).
, $\sigma>1$ (10) , ,
[Ref 5].
, $U_{s}$ $l$ ,
$U_{s}=2\sqrt{\sigma-1}/\sigma$ (12)
$1=2( \sqrt{\sigma-1}+\arcsin\frac{1}{\sqrt{\sigma}})$ (13)
. \mbox{\boldmath $\sigma$} , “ ” (tri-








“ ” (sawtooth wave) . , $\tau=t-z(Z\equiv\int_{0}^{x}d_{X}/\overline{c}(x))$
, $z$ , $2\pi$ . ,
$x$ . , ,
.
, ( ) .
, \rho - $=(1+\alpha x)^{-4}(\alpha>0)$ .
(11) $t\mathrm{h}M(\gamma+1)>4\alpha$ , .
, , (2) (12)
$u_{s}= \frac{2}{\sigma}\sqrt{\frac{\sigma-1}{1+\nu\sigma}}$ (15)
. , $\nu=[\alpha(4-3n)]/[2M(\gamma+1)],$ $\sigma=[1-(1+\alpha x)^{-2}]/|\nu|$
. , $1/9\leq|\nu|<1$ ,
. , – ( 3 ) .
$0<|\nu|<1/9$ , \mbox{\boldmath $\sigma$} $=[1-3\nu-\sqrt{(1+\nu)(1+9\mathcal{U})}]/4|\mathcal{U}|$ ,
$\sigma=[1-3\nu+\sqrt{(1+\nu)(1+9\mathcal{U})}]/4|\mathcal{U}|$ , $\sigma=1/|\nu|(x=\infty)$
. $\nu=0$ – , \mbox{\boldmath $\sigma$} $=2$
– . – , \rho - $=(1+\alpha x)^{-\frac{4}{5}}(\alpha>0)$
. ,
$xarrow\infty$ , $u_{s}arrow 2M\sqrt{\nu}$ (16)




( 4 ). , $\overline{\rho}=(1+\alpha x)^{-n}(n>0)$









$3_{\backslash }$ ( $\sigmaarrow\infty$ ) (17)
$.\overline{\sigma}\mathrm{z}\gamma pexp[_{2M}.v-\cdot]\overline{(\gamma+1)}$ $(n=\overline{4}.)$
. , (saturation) . $\nu<0$
.
\S 4. (multiple-scales )
, multiple-scales , Burgers ,
. , , Mach $M$
$M\ll 1$ (18)
. , , 2
,
$\frac{\omega}{\rho_{0}c_{0}^{2}}(\frac{4}{3}\eta+\zeta)=O(M)$ , $\frac{\omega}{\rho_{0}c_{0}^{2}}\frac{\kappa}{c_{v}}=O(M)$ (19)
. , Reynolds $Re$ , $Re\approx 1$
. , , , -c ,
$\overline{c}=\overline{c}(Mz)$ (20)
. , (18), (19), (20) , Burgers
. , , $M$
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$\frac{1}{\sqrt{\overline{c}}}=O(1)$ (21)
. , $\overline{c}=0$ , ,
.
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$\overline{\rho}$ $(\mathrm{x})=(1+\alpha \mathrm{x})^{-2}$ . $\mathrm{M}=0.01$ . $\alpha=-0.005$ , 7 $=1.4$
105
3. 1
(1) $\nu=-1/3$ (2) $\nu=-1/6$ (3) $\nu=-1/9$ (4) $\nu=-1/12$




(1) $\mathrm{n}=2$ (2) $\mathrm{n}=7/6$ (3) $\mathfrak{n}=1$ (4) $\mathrm{n}=1/2$ (5) $\mathrm{n}=0$ ( )
( , $\sigma$ , $\sigma=0(1)$
. )
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